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A PARTITION PROPERTY CHARACTERIZING

CARDINALS HYPERINACCESSIBLE OF FINITE TYPE

BY

JAMES H. SCHMERL

ABSTRACT. Let P(n, ol) be the class of infinite cardinals which have the fol-

lowing property: Suppose for each v<k that C   is a partition of W" and

card (Cy) < K; then there is X C k of length a such that for each v < k, the set

X — (v + 1) is Cj,-homogeneous. In this paper the classes P(n, CL) are studied

and a nearly complete characterization of them is given. A principal result is

that P(n +2, n + 5) is the class of cardinals which are hyperinaccessible of type

n.

A partition property which differs from usual ones in that many partitions are

considered simultaneously is defined and investigated in this paper. This prop-

erty is interesting because it leads to an elementary characterization of the class

of cardinals which are hyperinaccessible of a given finite type. The motivation for

such a characterization comes from a problem in model theory. This problem is

satisfactorily solved (as announced in [4] and [5]) using some of the combinatorial

results of this paper. These results lead naturally to a combinatorial problem

which seems to be of sufficient independent interest so as to warrant further inves-

tigation. We give here an almost complete solution of this combinatorial problem;

the final step for a complete solution seems elusive.

This paper is a reworked version of Chapter 7 of my Ph. D. thesis [6] written

under the supervision of Professor Robert L. Vaught. The other parts of my thesis,

which consist of the model-theoretic applications of the results included here as

well as generalizations of these results, will appear elsewhere.

1. TTie basic concepts. An ordinal number is the set of its predecessors. Ordi-

nals are denoted by the Greek letters a, ß, y, v, cf. Cardinal numbers are identi-

fied with initial ordinals and are denoted by k, A, ft, where k is always an infinite

cardinal. The symbols n, m, i always denote finite ordinals.

A cardinal k is a strong limit cardinal iff 2* < k whenever A < k. An inacces-

sible cardinal is a regular, strong limit cardinal. We need the concept of a
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hyperinaccessible cardinal of type n (as given by Levy [2]); we adopt the terser

term of n-inaccessible.

1.1. Definition. We define n-inaccessible by induction on n so that k is

O-inaccessible iff it is inaccessible; and k is (n + l)-inaccessible iff every

closed, cofinal subset of k contains an n-inaccessible.

We make the natural, albeit unusual, convention that u> is n-inaccessible, al-

though we generally dismiss this case without mention.

A partition C of the set X is a collection of pairwise disjoint sets, the union

of which is X. Two elements in the same set of C are called C-equivalent. The

set of subsets of X of cardinality n is denoted by [X]". We tacitly make the nat-

ural identification of X and [X]1. If C is a partition of [x]n, then Y C X is C-

homogeneous iff every two elements of [Y]n are C-equivalent. We denote by /[X]

the set !/(*): x e X\.

The following definitions introduce concepts fundamental to this paper.

1.2. Definition, (i) C is an f-partition system of [a]n iff / is a cardinal-val-

ued function with domain including a. such that for each v<cl, Cv is a partition

of [a]" and card (Cv) < f{u).

(ii) C is a partition system of [a]n iff for some /: a—»a, C is an /-parti-

tion system of [a]".

(iii) If C is an /-partition system of [a]n then X C a. is C-homogeneous iff

for each v e X, the set X - (v + l) is Cv-homogeneous.

(iv) P(n, a) is the class of all k such that for any partition system C of

[k]" there is a C-homogeneous set of length <x.

The question we investigate is this: Which cardinals are in P(n, a)? In §2

we give a complete solution for accessibles. In §3 we give sufficient conditions

on an inaccessible k in order that k e P(n, a); and in §4 we give necessary con-

ditions on an inaccessible k in order that k e P(n, a). In §5 we state an open

problem.

1.3. Proposition. If a < ß and k e P(n,ß), then k e P(n, a).

1.4. Proposition. If k e P(n, a), then a < k.

1.5. Proposition, k e P(l, 3) and k e P(n, n + l).

1.6. Theorem. a> € P(n, a>).

Proof. This is an easy consequence of Ramsey's theorem [3]. Define n. and

X. inductively as follows. Let XQ = co, ni = minCX^, and let X;+1 be an infinite

C -homogeneous subset of X. - \n.]. Clearly, then, \n.: i < a] is an infinite C-
n £        0 i       t ' I

homogeneous set.

One proof of Ramsey's theorem is by induction on n and makes use of a tree
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construction. We could also have proved the previous theorem by induction on n

and by use of a tree, thus eliminating the appeal to Ramsey's theorem. Since

there are several occasions in this paper to use such trees, we here make their

definition explicit.

Recall that T = (A, <) is a tree iff T is a partially-ordered set and the set

of predecessors of any element is well ordered by <• Also Tv is the set of ele-

ments of rank v, that is, those elements whose set of predecessors has length v.

The tree T is a k-tree iff 0 < card(7"v) < k for each v < k and 7"K= 0.

Let C be a partition system of [a]B+1. We define inductively the tree (a,

<) which we call the associated tree. If ß, y < cl, then ß<y iff ß < y and when-

ever A e [j£ < a: £<J ß\]n and v < ß, then A u {]8I and A u iy\ are (^-equiva-

lent. It is easily verified that (cl, <1) is indeed a tree. We often make use of the

following fact: if C is a partition system of [/c]n+1 where k is inaccessible,

then the associated tree is a k-tree.

2. The accessible case. In this section a complete characterization of those

accessible cardinals in P{n, cl) is given.

2.1. Theorem. If k e P(« + 1, n + 4) then k is regular.

Proof. Suppose k is singular. There is a set Y cofinal in k such that

card(V) < Km Let g: k —♦ Y be defined by g{v) = min(V - (v + l)). Let C be a

partition system of [k]"+1 such that whenever v < k and A, B € [k]"+1, then A

and B are Cv-equivalent iff one of the following holds:

(i) gM < min (A) and A = B.

(ii) min (A) <g(v) and g(v)n A =g(y)n ß.

Clearly, C is a partition system of [k]"+1 and there is no C-homogeneous set of

length n + 4.

2.2. Theorem, k € P(n + 2, n + 4) i// k is a strong limit cardinal.

Proof. Suppose k is not a strong limit cardinal, so that A < k < 2* for some

A. As is well known, there is a partition D of [k]"+2 such that card(D) < A and

such that no D-homogeneous set has length n + 3. (For example, let {ap: v <k)

be a sequence of distinct subsets of A. If vQ < .. • < vn+l < K and £Q < • • • < £ j

<k,then let \vQ, •, vn+1\ and ff0'" *' ^n + l' be ^-equivalent iff

min ((aVQ -avJ\j (av^ - a Vq)) = min((a^ q - a^) u (a^ - Consider the partition

system C of [k]"+2 where Cy = D for each v < k. Then there is no C-homogeneous

set of length n + 4.

Now suppose k is a strong limit cardinal, and let C be a partition system of

U]n+2. By the well-known Erdös-Rado theorem (see [l, Theorem 39]), there is a

CQ-homogeneous set X C k - }0l of length n + 3. Then X u |0| is C-homogeneous

and has length n + 4.
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2.3. Corollary. If k e P(« + 2, n + 5), then k is inaccessible.

2.4. Theorem. Let k be regular and accessible, and let A be the smallest

cardinal such that k. < /x* for some fi < k. Then k £ P(l, ai) iff a < A + 1.

Proof. We first show that k e P(l, A + 1). Let C be a partition system of k,

and let T = (k, <) be the associated tree. It is clear by induction that card(Tv)

< k for each v < A. Hence      ^ 0.Choose some ß eT^; then it is easily shown

that {y: y < )S} has length A + 1 and is C-homogeneous.

Now we show that k 4 P(l, A + 2). Let |i<x be such that k < /A Let ( ga:

a < k) be a sequence of distinct elements of A^. For each v < k, a < A and

ß< fi, let E(v, a, ß) = \r] < k: v < q, g^M = ß and a is the least ordinal for

which gv{a) £ g^(a)}. For each v < k let C„ = {E(v, a, j8): a < A and /3 < p\ u

{{i/ + lj|. Clearly, C is a partition system of k.

We now show that there is no C-homogeneous set of length A + 2. Suppose

that X = \vg: £ < A + 2} were such a set where vQ < vl < • • • . For each £ < A +

2 there are      < A and ßg < n such that X - (v^ + l) C E(vg, a^, ßg).

Now suppose £ < Tf < A + 1. We show that < a^. Whenever cc < a^, then

8^a) = «^a) = g1/ul(a)- But also, «y x+1(a£) = /3f Hence af <

a^. Thus we have shown that (a.^: £ < A + l) is a strictly increasing sequence

of ordinals < A. This is a contradiction.

3. Sufficient conditions for the inaccessible case. The proofs of the following

two theorems are the main goals of this section.

3.1. Theorem. // k is n-inaccessible and a < k, then k e P(« + 1, a,\

3.2. Theorem. // k is n-inaccessible, then k e P(« + 2, m).

Each of these theorems is proved by an induction on n. The next lemma cap-

tures the essence of the induction steps.

3.3. Lemma. Let k be inaccessible such that for each closed, cofinal subset

X of k, X n P(n, a) ^ 0. Then k e P(n+ 1, a + l).

Proof . Let C be a partition system of [/c]"+1 and let T = Oc,^) be the asso-

ciated tree. Let /: k —♦ k be such that if v < k and £ € Tv, then card (C p < f{u).

The set X =    < k: f[£\ C    is a closed, cofinal subset of k; hence, there is A e

X n P(n »a). Since      ^ 0 we can choose y e 7^. For each £ < A let g(£) e

be such that g(£) <] y.

Now let D be a partition system of [A]" such that whenever v < A and A, B

e[A]", then A and 3 are D^-equivalent iff g[A u{Afl and g[ß U |Afl are Cg(v)-

equivalent. If v < A then card(Dv) < card(Cg(j/)) < < A, so that D is a parti-

tion system of [A]n. Hence, there is a D-homogeneous set Z of length a. Let
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y = g[Z u {Xfl. We show that Y is C-homogeneous.

Let v e Y and A, B e[Y - (v + l)]"+1. Let a = max(A), ]8 = max(B), A' =

A -\a\ and 3* = B - jfS}. Then A and A' u lg(A)l are Cequivalent due to the

manner of construction of the associated tree T. Similarly, B and B' u Jg

are C^-equivalent. Furthermore, A' U lg(A)i and B'u lg(A)}are C ̂ -equivalent

since A' and B' are £>g_ i^-equivalent. Hence A and B are C„-equivalent,

so that y is C-homogeneous.

Proof of 3.1. Suppose that n = 0 and that C is a partition system of k. Let

T = (k,<) be the associated tree. Since T a £ 0 we can choose y e Ta. Then

\v: v<Qy\ is a C-homogeneous set of length a. Use induction with Lemma 3-3 to

complete the proof.

The proof of Theorem 3.2 is more difficult in that the proof of the basis step

of the induction is more involved.

3.4. Definition. Let f:a—*a. Then we define K„(f) inductively by K0(f) =

\k < a: flu] C k\ and K„+1(/) = U e Kn(f): card U O Kjf)) = nl

3-5. Lemma. Let f: k—*k be such that k e Knif),and let C be a partition

of k such that card(C) < c/(*c). Then there exists a strictly increasing function

h: k —» k such that bW e C and k€ K (b°f).

Proof. We use induction on n. For the case « = 0 the lemma is trivial. As-

sume that is it true for n = m; we show that it is true for n = m + 1.

Let /: k —» k be such that k e Km+i(A and let C be a partition of k such

that card (C) < cfU). Let X = \X e Kjf): card (O < c/U)l. We show that card (X)

= «c. Km(f)C\ k is closed in k and has cardinality k since k e Km+1(/)- Let

g: k—♦ ^(Z) be a continuous, strictly increasing function. Then it is clear that

lg(A+): card (C) < A < k] has cardinality k and that whenever card (C) < A < k,

then c/(g(A+)) = c/(A+) = A+ > card (C).

We now use the induction hypothesis. For each A e X let C^ = \E f~l A: E e Cj

be a partition of A. Then there is a strictly increasing function A^: A —» A such

that bx[\] e Cx and A e KmU>x ° /). Since card (X) = k and card (C) < c/U) there

are E e C and VCX such that card(y) = k and *X[A] = E n A whenever A e y.

Then card iE) - K. Now let h: k —> k be a strictly increasing function such that

= ß. (Notice that /b(i/) = bx(v) whenever v<\eY.)U KeY then A e

Km(l>k°f) C KmCb °/); hence y C Kjh °/). Therefore, since card (y) = k, it fol-

lows that k e Km+lQ) °f).

3.6. Lemma. Let f: k—*k be such that k e Kn(f), and let C be an f-partition

system of k. Then there is a C-homogeneous set of length n + 3.

Proof. We use induction on n. For n - 0, the lemma follows from Proposition

1.5. Suppose the lemma is true for n = m; we show it is true for n = m + 1.
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Let /: k —» k be such that k € Km+lty), and let C be an /-partition system

of k. Since k € K^ty), there is A e Km(f) such that /(0) < c/(A). By Lemma

3.5 there is a strictly increasing h: A —» A and E e CQ such that MA] = E O A

and A e K Q> ° /).

Now let D be a partition system of A defined as follows: if v, vQ, Vj < A,

then Vq and vl ate Dv-equivalent iff Ml + vQ) and Ml + fj) are Cft(1+l/j-equiva-

lent. Thus, whenever i><A,then card (£>„)< card (C^j</(Ml + v)) < A. Us-

ing the induction hypothesis, there is a D-homogeneous set Y C A of length m + 3.

It is clear that iol U IMl + v): v e Y\ is C-homogeneous and has length m +4.

Proof of 3.2. Suppose that n = 0 and that C is an /-partition system of [k]2,

where /: k —♦ k. Let T = (k,^) be the associated tree. Let h: k —» k be such

that if £ < k and 1/ e T^, then /(v) < M£). Since k is inaccessible, it is clear

that k n Km(h) £ 0. Choose A e k n KmU>). Since Tx £ 0 we can choose y e

Tx. For each f < A let g(£) e     be such that g(f )< y.

Now let D be a partition system of A such that whenever v, vQ, vl < A, then

vQ and vl are D-equivalent iff lg(v0), g(A)! and igd^j), g(A)l are Cg{^-equiva-

lent. Then card (D v) < card (Cg^vj) < Mv). By Lemma 3.6 there is a D-homogen-

eous set Z of length m + 3. Let V = g[Z U lAl]. As in the proof of Lemma 3-3,

the set Y is C-homogeneous.

Use the induction with Lemma 3-3 to complete the proof.

We remark that the condition a < k in the hypothesis of Theorem 3.1 can be

dropped iff k is weakly compact. (Here it is useful to define k as weakly com-

pact iff k is inaccessible and for every tree T, if 0 < card (.Tv) < k whenever v <

k, then T has a branch of length k.) Thus, we have the following theorem.

3.7. Theorem, k e P(k + 1, k) iff k is weakly compact.

We do not give a proof but do note that to prove the implication from right to

left one uses Lemma 3.3, and to prove the implication from left to right one uses

a construction similar to that in Theorem 2.4.

4. Necessary conditions for the inaccessible case. The proofs of the follow-

ing two theorems are the main goals of this section.

4.1. Theorem. // k e P(n + 2, a> + n + l), then k is (n + l)-inaccessible.

4.2. Theorem. // k e Pin + 2, n + 5), then k. is n-inaccessible.

Each of these theorems is proved by an induction on n. The following defini-

tions and the two succeeding lemmas are used in the induction steps.

4.3. Definition, (i) A function /: k —» k is m-normal iff / is a continuous,

strictly increasing function such that whenever v < k, then f(u) is a strong limit

cardinal which is not m-inaccessible.
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(ii) Sj(w, n, y) iff for every inaccessible k and every w-normal function

/: k—» k, there is an /-partition system C of [k]" such that each C-homogeneous

set has length < y.

(iii) S2(m, n, y) iff for every inaccessible k, for every a < k, and for every

w-normal function /: k —» k, there is an /-partition system C(oc) of [a]" such

that each C(ct)-homogeneous set has length < y.

4.4. Proposition. // k is inaccessible, then there is an n-normal /: k—»k

iff k is not {n + \)-inaccessible.

4.5. Lemma. // S2(m, n, y) then SjOn, n + 1, y + l).

Proof. Let k be inaccessible and let /: k —» k be an m-normal function.

For each a < k, let C(a) be an /-partition system of [a]* such that each C(a)-

homogeneous set has length < y. Let Hv a: [a]n —♦ f(v) be such that whenever

a, b e [a]n, then A and b are Cv(a)-equivalent iff hv a(A) = hv a(b). Then let

d( = {A e [k]*+1: /7v a(A - {a}) = f where a = max (A)!,'and let dv = {d(: f <

/(i/)l. Clearly D is an /-partition system of [k]"+1. If X is a D-homogeneous

set of length y + 1 and a = max(X), then X - {a} is C(a)-homogeneous. Thus

every D-homogeneous set has length < y + 1.

4.6. Lemma. Suppose that 2 <n, n + 3 <y and for each i < m, S,(i, n, y).

Then S^im, n, y).

Proof. Assume the hypothesis of the lemma, let k be inaccessible and let

/: k —» k be an m-normal function. By Proposition 4.4 k is not (m + ^-inacces-

sible.

We show by induction on ordinals that for each a. < k there is an /-partition

system C(a) of [a]" such that every C(a1-homogeneous set has length < y. Let

a < k and assume that for each ß < a such a C{ß) exists; we prove such a C(a)

exists.

Case 1. a < a>. This case is trivial since fiv) > <u > a whenever v < k.

Case 2. a > <u and a £ /[*]. Then there is ß such that ß < a. < f(ß). Let

C(a) be the partition system of [a]" such that whenever v < ct and A, B e [a]",

then A and B are Cv(a^equivalent iff one of the following holds:

(i) v < ß and card (A n ß) = card (B D j8) < n.

(ii) v < ß, and A and B are C^/^-equivalent.

(iii) /S < v and A = B.

It is clear that C(a) is an /-partition system of [a]".

Suppose that X is C(a)-homogeneous. Let vQ = min(X) and v. = min(X - |v0l).

The induction hypothesis and (ii) jointly imply that X - ß ^ 0. But then (i) im-

plies that ß < v1, and then (iii) implies that card (X - j8) < h + 1. Hence, card (X)

< n + 2 < y.
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Case 3. ct- > co and a. e /[k]. Then either (i) a. is singular, or (ii) o- is inac-

cessible but not w-inaccessible (in which case m > 1). Let A = c/(a). Then let

g: A —» a and D be a partition sytem of [A]" as follows:

(i) If a is singular, let g: A —♦ a be a continuous, strictly increasing func-

tion cofinal in a, and let D = C(A).

(ii) If a is inaccessible, let g: a. —»a be an (m - l)-normal function (by Prop-

osition 4.4), and let D be a g-partition system of [a.]" such that any D-homogen-

eous set has length < y.

Now let h: a -» A be such that h(v) = supi j8 < A: g(j8) < v\. Let //„ »: Ig(jS)]"

—»f(,v) be such that whenever A, B e [g(/3)]n, then A and B are Cv(g(j8))-equiva-

lent iff Hv j^A) = Hv jB).

We are now ready to define the /-partition system C(a). Let v < o., and let

A = {«.,•••, a   , } and B = \bn,' • •, b   , \ where an < • • • < a   , < a and

&0 < • • • < &n_j < a. Then A and B are C1/(a.)-equivalent iff one of the following

conditions is satisfied:

(El) Mv) < i(a0) <•••<*(«„_!>; Mv)<M6<,)<••• i); £[A] and A[B]

are D^vyequivalent.

(E2) v < aQ, bQ; b(v) = £(*„)<•••< b{an_ x); Mv) = A(6n) < • • • < b(bn_ t).

(E3) v < «„,     i(«0) = • •• = Ma,.,); b{bQ) = - • = K*^); «^^(A) =

(E4) v < a„, iy, 2 < card0&[A]) < «; whenever z < / < n, then *(«.) = b(a.) iff

M*f) = h{b).
(E5) a0 < v and A n (f + 1) = B O (f + l).

It is easily checked that (E1)-(E5) constitute a proper definition in order that

C(a) be an /-partition system of [a]".

It remains to check that whenever X is C(a)-homogeneous, then X has

length < y. Suppose to the contrary that X = \vg : f < yl is C(a)-homogeneous,

where vQ < vt <•••• Whenever f+n-1 <y let A^ = {»,#»•••» f£+„_il. Then

A j and A2 are CVQ(a)-equivalent by virtue of condition (Ek) for some k = 1, • • •,

5. In each case a contradiction ensues.

(k = 1) Then h(vQ) < bivj < • • • < b(vn); and, hence, if £Q < ^ < y, then

jf>(v£o) < Mvj ). But then \h(vg): £<y\ is D-homogeneous and has

length y.

(k " 2) h(v0) = b{vj) < • • • < h{un) and A(vn) = Mv2) < • • • < h{vn+]) which is

impossible.

(k = 3) b{vQ) < b(Vl) = ... = Mfn+1). Hence, if 0 < f < y, then b{vg) = i^).

Thus X is Cigibii/j) + l))-homogeneous.
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(k = 4) In this case n > 3. There is a nonzero i < n - 2 such that either v. =

< vi+2 or vi <       = VH2> but then        = v«+2 < "i+3 01

<       = v;+j respectively, a contradiction.

(k = 5)     < vQ, which is impossible.

Thus the lemma is proved.

Proof, of 4.2. It follows from Lemma 4.6 that S2{0, 2» 5). By repeated appli-

cations of Lemmas 4.5 and 4.6 we get that if n > 1, then       - 1, « + 2, « + 5).

Thus, every inaccessible in P(n + 2, n + 5), for « > 1, is already «-inaccessible.

But by Corollary 2.3, P(« + 2, n + 5) contains only inaccessibles.

4.7. Lemma. S2(0, 1, <u).

Proof. Let k be inaccessible and let /: k—* k be 0-normal; hence, by

Proposition 4.4, k is not 1-inaccessible. We show by induction on ordinals that

for each a < k there exists an /-partition system C(a) of a such that every

C(a)-homogeneous set is finite. Let a. < k and assume that for each ß < cl such

a Ciß) exists; we prove such a C(a) exists.

Case 1. cl < a>. This case is trivial since f(v) > a> > a whenever v < k.

Case 2. a > cj and a 4 f[K]. Then there is jS such that ß<ci< f{ß). Let

C(a) be the partition system of a such that whenever v, Vq, vl < cl, then Vq and

are C(a)-equivalent iff one of the following holds:

(i) v<ß<v0 and ß<vy

(ii) v< ß, and i/Q and »/j are C^jSVequivalent.

(iii) ß < v and vQ = v..

Evidently, C(a) is an /-partition system of cl.

Suppose that X is C(a)-homogeneous. The induction hypothesis and (ii)

jointly imply that X n ß is finite. But (iii) implies that card(X — j8) < 2. Hence,

X is finite.

Case 3. a > a and a e /[*]. Then cl is singular. Let A = cf{a), and let

g: A —» cl be continuous, strictly increasing and cofinal in cl. Let b: a—»A be

such that b(v) = supl/8 < A: g(ß) < v\. For each v < cl, let Wv: a—,f(v) be such

that whenever y < cl and MvQ) = h(v.), then v0 and Vj are Cv(g(b(vQ) + 1 ))-

equivalent iff Hv(vq) = Hv{v,). Now let C(a) be the partition system of a. such

that whenever v, vQ, Vj < cl, then vQ and Vj are C^a^quivalent iff one of the

following holds:

(i) v<vQ and v<i>.;b(v0) and Mp-j) are Cfc(v)(A)-equivalent; and Hv(vQ) =

(ii) vQ < i/ and Vj < v.

Evidently, C(a) is an /-partition system of a.

Now suppose that X is an infinite C(a)-homogeneous set. Then there is an
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infinite Y C X such that h\Y is either a constant or a one-one function. Suppose

h\Y is a constant function; if v - min(Y), then Y is C{g{h(v) + l))-homogeneous.

Suppose h\Y is one-one; then b[Y] is an infinite C(A)-homogeneous set. Either

supposition leads to a contradiction; hence, X is finite.

Proof of 4.1. By Lemma 4.7 and repeated applications of Lemmas 4.5 and

4.6 we get that Sj(k, n + 2, co + n + l). Thus, every inaccessible in

P(« + 2, co + n + l) is already (« + l)-inaccessible. But by Corollary 2.3,

P(« + 2, co + n + l) contains only inaccessibles.

5. Epilogue. In the following table we give the characterization of the

classes P(n, a). To 2void technicalities we restrict our attention to countable

a and to those uncountable cardinals P(n, a).

1 co + 1 co+2 co + 3 (u + 4 • • • ■

?

The classes of uncountable cardinals are abbreviated as follows:

C = class of all uncountable cardinals.

R = class of all regular uncountable cardinals.

5 = class of all uncountable strong limit cardinals.

/ = class of all uncountable n-inaccessible cardinals.
n

R* = class of all regular cardinals for which p < k implies p   < k.

The class of accessible cardinals in P(n, a.) is completely characterized in

§2. The situation for inaccessible cardinals is not complete, although Theorems

3.2 and 4.2 together give a characterization of the class of «-inaccessible

cardinals.

5.1. Corollary, k is n-inaccessible iff k € P(n + 2, n + 5).

The full strength of Theorem 3-2 is not used in the above characterization.

A weakened form of Theorem 3.2, which is just sufficient for this characteriza-

tion, can be proved inductively using Theorem 2.2 and (only a slight modification

of) Lemma 3-3. In this way Lemmas 3.5 and 3.6 are avoided.

In order that every P(n, a) be completely characterized, either Theorem 3.2

or Theorem 4.1 (or both) must be strengthened. It seems very plausible that all
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the n-inaccessible cardinals should behave uniformly, so that either Theorem 3.2

or 4.1 is already the best possible. This leads to the following (mutually contra-

dictory) conjectures.

5.2. Conjecture. // k is n-inaccessible, then k e P(n + 2, to + n).

5.3. Conjecture. If k e P(n + 2, a>), then k is {n + \\inaccessihle.

Either conjecture results in the characterization of each class P(«, a).
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